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Abstract

A metric space (X, d) is said to be §-hyperbolic if d(z, y)+d(z, w) is at most max(d(z, z)+d(y, w), d(x, w)+
d(y, z)) by 26. A geodesic space is §-slim if every geodesic triangle A(z,y, ) is d-slim. It is well-established
that the notions of §-slimness, d-hyperbolicity, é-thinness and similar concepts are equivalent up to a
constant factor. In this paper, we investigate these properties under an average-case framework and
reveal a surprising discrepancy: while Ed-slimness implies Ed-hyperbolicity, the converse does not hold.
Furthermore, similar asymmetries emerge for other definitions when comparing average-case and worst-case
formulations of hyperbolicity. We exploit these differences to analyze the random Gaussian distribution
in Euclidean space, random d-regular graph, and the random Erdgs-Rényi graph model, illustrating the
implications of these average-case deviations.

1 Introduction

There are two recent lines of work that we unite in this paper. One of them is in the realm of probability
and statistical mechanics. The second is in the realm of more practical data analysis or geometric machine
learning. First, Chatterjee and Sloman [6] introduce the notion of average or expected Gromov hyperbolicity
in the context of the Parisi ansatz and Ising models. Their main result is that if a metric space has small
hyperbolicity on average (i.e., it is tree-like on average), then it can be approximately embedded in a tree
with low distortion.

Simultaneously, there has been a resurgence in computing Gromov hyperbolicity values with the burgeoning
interest in geometric graph neural networks. There are many proposals to improve the efficacy of graph
neural nets by discovering the appropriate geometry and then embedding a data set comprised of a graph
and associated node and/or edge features in that geometry. A natural geometry to use is hyperbolic space;
thus, the necessity to determine just how hyperbolic a given graph data set is.

The desire for methods to determine the “geometry of a data set” necessitate appropriate hyperbolicity
measures that are adapted to finite and discrete structures. Furthermore, measures of hyperbolicity that
are “worst case” are often too pessimistic for finite discrete data. As a result, Gilbert and Yim [I8] adapted
Chatterjee and Sloman’s notion of average hyperbolicity for finite data structures and developed an algorithm
for fitting tree-like on average data approximately into trees with low average distortion.

While Gromov hyperbolicity is just one measure of hyperbolicity for metric spaces, there are a number
of different definitions that capture different geometric properties: slimness, thinness, and size of inscribed
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Models ‘ (Usual) hyperbolicity ‘ Average d¢,  Average Coim  Average Mminsize

G, (Section 3) O(y/n) o(1) O(y/n) O(y/n)

Hr o (Section 3) O(M) o(1) S M o(1)
RRG(n,d)(d > 3) (Section 4) O(logn) o(w(n)) O(logn) ©(logn)
ER(n, %)()\ > 4.67) (Section 5) O(logn) o(logn) O(logn) O(logn)

Table 1: The hyperbolicity constants on some graph models, and how it breaks when it comes to the average.
Note that G, has size O(n*®) and H)y, has size O(n?).

circles. These definitions are all equivalent up to various constants. In this paper, we adapt these geometric
definitions to the finite discrete setting and define their average values. We do so in order to develop a
robust set of potential algorithmic tools for analyzing the geometric properties of finite discrete structures.
Surprisingly, we find that the equivalences in the usual worst case definition do not necessarily hold in the
average definition and the constants are also not the same!

Another key task in adapting and using these geometric tools is interpreting their results on finite data
sets. In particular, it is crucial to understand how a data set might masquerade as almost hyperbolic. For
example, do points drawn from a high dimensional Gaussian distribution exhibit low average hyperbolicity
(despite residing in Euclidean space)? In addition, we to use these tools on graph data sets and so it is
imperative to understand how they perform on families of random graphs.
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Figure 1: Overview of the results: various d-hyperbolicity conditions are no longer equivalent when it comes
to average. The figure highlights what are the (non-)equivalences.

2 Preliminaries

We begin with the usual definitions of Gromov hyperbolicity. For all of our definitions, there is an important
distinction between a geodesic metric space and a discrete, combinatorial one. For graphs, this distinction is



captured by treating edges in a graph as a curve in the metric space (upon which we can place intermediate
points) or as a discrete object which is not a part of the metric space and, hence, cannot be further subdivided
by intermediary points. This distinction causes some slight differences in definitions which we articulate as
well.

2.1 (Usual) definitions of hyperbolicity

Definition 2.1 (Gromov Hyperbolicity). Given a metric space (X,d), the four-point condition of the
quadruple z, y, z, w, fp is defined as

fp(z,y, z,w) == % [max(P, @, R) — med(P,Q, R)],

while
Pi=d(z,y) +d(z,w),Q = d(z, 2) + d(y, w), R := d(z,w) + d(y, 2).

(a) Given a metric space (X,d) and ¢ > 0, if fp(z,y,z,w) < ¢ holds for all z,y,z,w € X, then we call
(X, d) d-hyperbolic.

(b) Given a (connected) graph G = (V, E) and § > 0, if fp(z,y, z,w) < § holds for all z,y,z,w € V, then
we will call G as §-hyperbolic. Here, we use shortest-path metric as the metric d.

Note that the above hyperbolicity condition can also be defined using the Gromov product. The Gromov
product of two points x,y € X with respect to a base point w € X is defined as

(@) = ld(w, w) + d(y, w) — d(a, ).

Then, the four point condition can be expressed as

fp(z, y, 2,w) = max min((z, 2)w, (¥, 2)w) = (T, Y)w]-
T perm
The restriction to a base point w in this definition does not cause a structural change in the definition of
Gromov hyperbolicity; we do not discuss here the necessary but trivial modification.

The more intuitive definition of hyperbolicity is that based upon the condition on a geodesic triangle.
Given three points z,y, z in a geodesic space X, we denote a geodesic triangle A(x,y, z) with vertices x,y, z
as the union of all three geodesic segments [z, y], [y, 2], [z, 2] (where [p, q] denotes a geodesic segment with
endpoints p and q).

Definition 2.2 (§-slim). We start with, arguably the most familiar, the §-slim definition.

(a) Given a geodesic metric space (X, d) and § > 0, a geodesic triangle A(x,y, z) for x,y, z € X is d-slim if
for any point w € [z,y], the distance from w to [y, z] U [z, 2] is at most J§, and similarly for [y, z] and
[2,2]. We call (X,d) §-slim if every geodesic triangle in X is §-slim.

(b) Given a (connected) graph G = (V, E) and § > 0, a geodesic triangle A(z,y, z) for z,y,z € V is d-slim
if for any vertex w € [z, y], the distance from w to [y, z] U [z, z] is at most ¢, and similarly for [y, z] and
[2,z]. We refer to G as §-slim if every geodesic triangle in G is §-slim.

Note for a graph there is a slight difference on the hyperbolicity constant. For example, a cycle with
length 3 Cj3 is 0-slim if we realize the space as a graph, as a geodesic segment only contains two endpoints.
However, it is not 0-slim if we consider the space as a geodesic metric space.

A similar but more restricted condition is the following §-thin condition.



Definition 2.3 (§-thin). (a) Given a geodesic metric space (X, d) and § > 0, a geodesic triangle A(z,y, 2)
for z,y,z € X is é-thin if d(z,v) = d(x,w) < (y, 2), then d(v,w) < § holds for any points v € [z, y]
and w € [z, 2], and similar conditions hold for y and z. We say (X, d) is d-thin if every geodesic triangle
in X is 6-thin.

(b) Given a (connected) graph G = (V, E) and ¢ > 0, a geodesic triangle A(z,y, 2) for z,y,z € X is 0-thin
if d(xz,v) = d(xz,w) < (y, )4, then d(v,w) < ¢ holds for any vertices v € [z,y] and w € [z, 2], and

similar conditions hold for y and z. We say G is §-thin if every geodesic triangle in X is d-thin.

Let us denote slim(A(z,y, z)) and thin(A(z,y, z)) as the infimum of the J-slim, thin, respectively, values
for all triangles; i.e.,
slim(A(z,y,2)) :=inf{d > 0: A(x,y, 2) is d-slim}
thin(A(z,y, 2)) := inf{d > 0: A(x,y, 2) is -thin}.

Remark 2.4. By definition, a -thin triangle is always §-slim. In other words, slim(A(x,y, z)) < thin(A(z, y, 2))
always holds. Consequently, a §-thin space is always J-slim.

Figure 2: d-slim and é-thin triangle

Definition 2.5 (minsize, insize). The minsize of a geodesic triangle A(x,y, z) is defined as follows.

minsize(A(z,y, z)) = el y/ier[lzfz] etow) diam({«,y’, 2'})

In particular, pick m,, € [y, 2] with d(z,y) + d(y, my.) = d(z, z) + d(z,my,) and m, € [z, 2], Mgy € [z, Y]
similarly. We call the diameter of {my,, m,., m.;}, the insize of the triangle.

Remark 2.6. If given space is a graph G = (V, E), by convexity, it turns out that inf,. ./ . diam({z’, ', 2'})
occurs when z’, 3/, 2’ are all vertices (not a point on an edge). Therefore, we do not need to specifically define
the minsize of triangle on a graph. Note that even if mg,,m, ., m., may not be vertices in a graph (instead,
they are midpoint of an edge), we see that minsize < insize.



2.2 Equivalences amongst definitions of (usual) hyperbolicity

The following results show that all of the above hyperbolicity definitions are equivalent up to multiplication
by a small constant. In the next section, we see that this is no longer the case when we consider the average
definitions of hyperbolicity. As many of these results have appeared in the literature (and we are simply
compiling them in one place for completeness) or are straightforward consequences of the definitions, we
state the results here and for the proofs, either refer to the appropriate reference or show the result in the
Appendix.

Theorem 2.7. Given a geodesic metric space (X,d),
1. if it is §-hyperbolic, then it is 36-slim [1.
2. if it is 0-thin, then it is §-hyperbolic [].
3. if it is 0-slim, then it is 49-thin [8]. The bound is tight.
4. if it is §-slim, then it is 20-hyperbolic [T4)]. The bound is asymptotically tight.
5

. if every geodesic triangle has minsize at most &, then it has insize at most 3§ as well [§]. We note that
the original reference uses 40, but we can easily improve the bound.

6. if every geodesic triangle has insize at most &, then it is 20-thin [8].
There are similar statements for discrete graphs. Proofs are in the Appendix.
Theorem 2.8. Given a graph G = (V, E),
1. if it is §-hyperbolic, then it is 36 + %-slim.
2. if it is 0-thin, then it is § + %—hyperbolic.
8. if it is 0-slim, then it is 20 + %-hyperbolic.
4. if it is §-slim, then it is 40-thin.
We conclude with the definitions of hyperbolicity of a geodesic metric space.
Definition 2.9. Given a geodesic space or graph X, denote
hyp(X) :=inf{d : X is é-hyperbolic} = sup{fp(z,y, z,w)}
slim(X) := inf{d : X is é-slim} = sup{slim(A(z,y, 2))}
thin(X) := inf{é : X is d-thin} = sup{thin(A(z,y, 2))}
insize(X) := sup{insize(A) : A geodesic triangle} = sup{insize(A(z,y, 2))}
minsize(X) := sup{minsize(A) : A geodesic triangle} = sup{minsize(A(z,y, 2))}

3 Average definitions of hyperbolicity

In this section, we explicate the average version of each of the hyperbolicity definitions from the previous
section. The idea underlying the average notions is that we select some number of points at random from
a space (X,d) or a graph G = (V, E) and compute various geometric quantities. All of these definitions
suppose that we select the points independently and identically distributed according to a distribution which
we leave unspecified. We do, however, assume, that the distribution is non-trivial on all points in the space
(or vertices of the graph).



3.1 Definitions
Definition 3.1. We define the average hyperbolicity on (X, d) as follows

E(;hyp(X) = Eqoy,2w iid fp(z,y, 2, w).

We define the slimness of a geodesic triangle and its average similarly.

For graphs, we must be a bit more careful. It might be the case that the geodesic path between two
vertices x,y is not unique (i.e., there may be several shortest paths between two vertices), thereby making it
difficult to define uniquely a geodesic triangle amongst three vertices z,y, z. In this case, we randomly and
uniformly choose one segment amongst all shortest paths between z,y to constitute a segment in A(z,y, 2).
To be more precise, suppose there are o, shortest paths between x and y. Then, we choose one path
amongst them to form [z,y] € A(z,y, z) with uniform probability ?174, and similarly for [y, 2] and [z, z].

Definition 3.2. We use the following notation to define the corresponding average hyperbolicity values on
three vertices x,y, 2:

1. C(z,y, 2) := Eslim(A(z, y, 2))
2. 7(z,y, 2) := Ethin(A(z, y, )
3. u(z,y,2) = Einsize(A(z, y, 2))
4. n(z,y, z) == Eminsize(A(z, y, 2))

For example, if the geodesic triangle on x,y, z is unique, then ((z,y, 2) is the slimness of the triangle
itself.

Definition 3.3. We define the average hyperbolicity values on (X, d) as:
1. ECsim(X) := By y z11al(7, v, 2)
2. Enpin(X) :=Ey y zia7 (2, ¥, 2)
3. Erinsize(X) = Eqy iiat(z, 9y, 2)
4. Enminsize(X) 1= Eq y siian(z, y, 2)

Remark 3.4. For geodetic graphs, the shortest path between two vertices = and y is always unique (See, for
example, [12]). Therefore, ((x,y, z) = slim(A(z,y, z)) always holds (and so on).

3.2 Equivalences: lower and upper bounds

Given the equivalences amongst the usual definitions of hyperbolicity in Section [2.2] one might expect that
the average definitions of hyperbolicity also enjoy similar equivalences. Surprisingly, this is not necessarily
the case. There are some definitions of average hyperbolicity that are equivalent and there are some that are
not. In this subsection, we detail the equivalences, exhibiting upper and lower bounds amongst the equivalent
definitions. Because the non-equivalences and the examples that witness them are more compelling and
suprising, we delay their presentation until Section [4]

We begin with a simple lemma that relates the slimness or minsize of a geodesic triangle with its thinness
or insize, respectively.

Lemma 3.5. Given a geodesic space (X, d) or a graph G = (V, E),



1. If a geodesic triangle A(x,y, z) is d-slim, then it is 45-thin (both as a geodesic space, or as a graph).

2. If a geodesic triangle A(z,y, z) has minsize §, then it has insize less than or equal to 3§ (both as a
geodesic space, or as a graph).

Proof. We follow the proof of [§] and extend it slightly to the case when the geodesic triangle is in a
graph. Given a geodesic triangle A(z,y, z) with slimness d, suppose there exists u € [z, z],v € [z,y] with
d(u,x) = d(v,z) < (y,2), and d(u,v) > 40. Then,

d(u, [z,y]) = min(d(u, [z,v]), d(u, [v,y])) = (2, V)u, (v, Y)u,

where 2(z,v), = d(z,u) + d(v,u) — d(z,v) = d(v,u) > 46 and 2(v,y), = d(v,u) + d(y,u) — d(v,y) =
d(v,u) + d(y,u) — (d(z,y) — d(z,v)) = d(v,u) + (d(y,u) + d(z,u) — d(z,y)) > d(v,u) > 40. Therefore,
d(u, [z, y]) > 24 holds.

Now, pick p, € [z, u] with d(p,,u) = 6. Even in the discrete graph case, we can choose such a point since
d is integer. Then we have d(py, [z,y]) > d(u, [z,y]) — d(u, p,) > ¢ and there should be ¢ € [y, z] such that
d(py,q) < 6. On the other hand,

d(py, [y, 2]) > d(z, [y, 2]) — d(z, py) > (y, 2)x — d(z, py)
= d(my,z) — d(z, py) = d(py, my) = d(py, u) + d(u,my) = 6 + d(u, my).
Therefore, u = m,,v = m, and d(py, [y, 2]) = 6. Also,

d(py, ly, 2]) = min(d(py, [mz, 2]), d(py, [y: m2])) = Win((me, 2)p,, (Y, Mma)p, ),

where 2(myg, 2),, = d(mg,py) + d(2,py) — d(ma, 2) = 6 + d(py, m,) and 2(y, my)p, = d(y, py) + d(me,py) —
d(y,m.) > (d(z,y) — d(z, py)) + d(py, my) — d(mz,y) = d(z,m.) + d(py, ms) — d(x,py) = 6 + d(py, my).
Therefore,

26 = 2d(py, [y, 2]) = 2min(d(py, [ma, 2]), d(py, [y, ma])) 2 6 + d(py, ma) = d(py, ma) < 6.
Similarly, pick p, € [z, m,] with d(p,,m.) = . Then we have d(p,, m,) < 4. This shows
d(my, m,) < d(my,py) + d(py, ms) + d(mg, p.) +d(p., m,) < 44,

a contradiction. This completes the proof of part 1 of the Lemma.

For the second part of the Lemma, we modify the proof from [§] slightly. Given a geodesic triangle
A(z,y, z), pick py, Dy, D» In [y, 2], [2, 2], [z, y] with diameter ¢ and let m,, m,,, m, be the points of the inscribed
triple. We will show that d(mg, m,) < 3d. There are three cases to analyze:

1. p, € [mma Z] and Dy ¢ [my, Z}: Then we see that d(pyamy)+d(mmapz) = d(pya Z) *d(pm»z) < d(pm,py) <
6. Therefore,
d(ma, my) < d(Mag, ps) + d(pe, py) + d(py, my) <0+ = 20.

2. py & [mg, 2] and p, € [my, z]: One can similarly show that d(mg,m,) < 26 as well.

3. pz € [mg, 2] and py € [my, 2]: We see that p, € [z, m.] or p, € [m,,y] holds. Without loss of generality,
assume that the former is true. Then

d(py, my) +d(m.,p.) = d(py,z) — d(z,p-) < d(py,p.) <6,

and
d(mg,pe) — d(mz,p.) = d(y,pz) — d(y,p:) < d(pz,pz) < 6.
Therefore, d(mg, ps) + d(py, my) < 20 and d(mg, my) < d(my, pz) + d(pe, py) + d(py, my) < 30.



4. pg & [my, 2] and py ¢ [my, z]: Again, without loss of generality, assume p, € [z,m;]. Then

d(pil‘,mit) + d(mz,pz) = d(pza y) - d(yapm) < d(pmapz) < 57

and
d(my,py) — d(mz,p.) = d(z, p:) — d(z,py) < d(py,pz) < 0.
Therefore, d(ma, pz) + d(py, my) < 20 and d(mg, my) < d(Mg, pz) + d(pa, py) + d(py, my) < 306.

The above calculations cover every case and show d(mg, my), d(my, m,), d(m,, mg) < 36 as desired for part 2
of the Lemma. O

The graph in Figure |3| shows that this inequality is tight.

X1 X2

Y1 21 Y2 22

Figure 3: The left geodesic triangle is 1-slim, but 4-thin. The right geodesic triangle has minsize 1, but its
insize is 3. Therefore we see that bounds on [3.5 are tight and cannot be improved.

Corollary 3.6. For a geodesic space or a graph X,
1. ]ECSMm(X) S ETthin (X) S 4EC9l1m(X)
2. ]Enminsize (X) S ELinsize(X) S 3]E77m,insize (X)

3. Enminsize(X) < Etinsize(X) < Ergpin(X)(+1) (+1 is only for the case of a discrete graph).

3.3 Slim/thin triangles, on average, imply hyperbolicity, on average

First, we begin with the proposition that the average four-point hyperbolicity condition is implied by the
other (average) conditions, as we expect from the usual definitions. The main idea of the proof is to follow
the proof details from [14] and [5] and simply take expectations. For a discrete graph, however, we must
make suitable, if straightforward modifications. In all cases, we assume that we draw points at random from
a non-degenerate distribution.

Theorem 3.7. Given a geodesic space (X,d),
1. ]E(Shyp(X) S ZEC(slim(X) holds.



2. Edpyp(X) < Etinsize(X) < Erpnin(X) holds.

3. Edpyp(X) < 2ENminsize(X) < 2Etinsize(X) holds.
Given a (connected) graph G = (V, E),

1. Ebpyp(G) < 2ECuiim (G) + L holds.

2. Edpyp(G) < Emypin(G) + % holds.

3. Ednyp(G) < 2ENminsize(G) < 2Etinsize(G) holds.

Proof. First, assume that (X, d) is a geodesic space. The overall strategy is as follows. First, randomly sample
x,y, z and w. Next, we again randomly sample geodesic paths between all pairs of those points, in order to
constitute geodesic triangles A(z,y, 2), A(z,y, w), A(z, z,w), and A(y, z, w). Then, we bound d7,(z,y, 2, w)
in terms of some constants (such as slimness, minsize, etc.) over these triangles. Finally, take the expectation
to conclude the proof.

1. We will show that

[C(z,y,2) + (@, y,w) + (2, 2,w) + ((y, 2,w)] -

N[ =

5fp(557y,2,w) S

Without loss of generality, assume d(z,y) + d(z, w) > max(d(z, z) + d(y, w), d(z, w) + d(y, z)). Pick
€ [z,y] such that d(x,z) — d(z,v) = d(y,z) — d(y,v) = (z,y).. Then we have d(x,y) + d(z,t) >

d(z,z) + d(y,t) = d(z,t) + d(y,z). Next, by assumption, there exists ¢ € [z, w] U [y, w] such that
d(w,t) < slim(A(z,y,w)). wlog assume t € [z, w]. Then we have

d(z,t) +

t)
d(z,y) + d(w,v) = d(z,v) + d(v,y) + d(w,v) < (
d(z,w)

<
<

Similarly, one can show (because d(y,v) + d(z, z) = d(z,v)
d(z,y) + d(z,v) < d(y,v) + d(z, 2) + 2slim(A(z, y, 2)) = d(z,v) + d(y, 2) + 2slim(A(z, y, 2)).
This shows that

d(z,y) +d(z,w) < (d(z,y) + d(z,v)) + (d(z,y) + d(w,v)) — d(z,y)
(d(z,v) + d(y, z) + 2slim(A(x,y, 2))) + (d(z,w) + d(y,v) + 2slim(A(z,y,w))) — d(z,y)

d(y, z) + d(z,w) + 2(slim(A(x, y, 2)) + slim(A(z,y, w))),

IAIA

which shows that fp(z,y,z,w) < slim(A(z,y,2)) + slim(A(z,y,w)). Taking the expectation yields
fp(x7 y? Z? w) g <("IJ7 y7 Z) + C(x’ y’ w)'

We can repeat the argument above by suitably choosing taking v € [z, w]. Then we have fp(z,y,z,w) <
C(z,w,z) + ((z,w,y) and leveraging the two inequalities proves the claim. The statement comes from
taking the expectation (over the i.i.d. samples x,y, z, w).

2. Similarly, we will show

1
Orp(x,y, 2,w) < = [uz,y, 2) + vz, y, w) + Lz, z,w) + o(y, z,w)] .

o~



On a

Without loss of generality, assume d(z,z) + d(y,w) > d(z,w) + d(y,z) > d(z,y) + d(z,w). Pick
' € [z,w], ¥ € [y,w] such that d(z',w) = d(y/',w) = (z,y), and 3" € [y,w], 2z’ € [z, w] such that
d(y",w) = d(z',w) = (y, z)w. By assumption, we have d(y’,w) > d(y”,w). Then

d(z,2) < d(z,z") +d(z',y") + dy',y") + d(y", ") + d(7, 2)
< d(z, ') + insize(A(z, g, w)) + d(y/,y") + insize(Ay, 2, w)) + d(, 2)
= (¥ w)e + (T, Y)w — (Y, 2)w) + (y, ) + insize(A(z, y, w)) + insize(A(y, z, w))
= d(z, w) + d(y, ) — d{y, w) + insize(A(z, y,w)) + insize(A(y, 2, w)),
which immediately shows that d7,(z,y, 2,w) < 3 [insize(A(z, y,w)) + insize(A(y, z, w))]. Taking the
expectation yields ds,(x,y, 2, w) < % [t(z,y,w) + t(y, z,w)]. Again, we repeat the argument on [z, z]
and achieve d¢p(z,y, z,w) < % [t(z,y, 2) + t(z, 2, w)], which completes the proof.

. We will show

n(z,y,2) +n(z,y,w) +n(z, 2,w) +n(y, z,w)] .

DN =

6fp(x7y7 Z7U)) S

Again without loss of generality, assume d(z, z) + d(y, w) > max(d(x,y) + d(z,w), d(z,w) + d(y, 2)).
By assumption, pick p, € [y,z],py € [2.2],p. € [z,y] and ¢, € [z,w],¢. € [w,z],qw € [z, 2] so that
diam({py, py, p-}) = minsize(A(z,y, z)) and diam({q¢s, gy, ¢.}) = minsize(A(z, z,w)). WLOG assume
d(z,py) < d(x,qw). Then

d(y,w) < d(y, pe) + d(pe, py) + d(py, Gw) + d(Gw, ¢=) + d(q., w)

and
d(z, 2) + d(py, qw) = d(z, qw) + d(py, 2) < d(x,q2) + d(qz, Gw) + d(Dy, P2) + d(Pa, 2),

which shows

d(yv w) + d(xv Z) < d(yva) + d(pza Z) + d(.l?, QZ) + d(q,za w) + Q(d(pwapy) + d(Qun QZ))
< d(y,z) + d(xz,w) + 2(minsize(A(z,y, z)) + minsize(A(z, z, w))).

Hence, §¢p(x,y, 2, w) < n(z,y, 2) + n(x, z,w) holds, and repeating the argument completes the proof.

graph G = (V| E), we need to modify the proof slightly as follows.

. It may be the case that we cannot explicitly pick v € [z, y] with the desired identity, if the corresponding

Gromov product is a half-integer. Instead, we will assert |(d(z,2) — d(z,v)) — (d(y, z) — d(y,v))| < 1
and the constant 1/2 comes from the fact that two distance sum may differ by at most 1. Still, we are
able to show &7, (x,y, z,w) < slim(A(z, y, 2)) + sim(A(z, y, w)) + 3.

(Note that for this proof we will use the thinness condition instead.) Here, we will choose d(z’, w) =
d(y',w) = [{z,y)w] and d(y",w) = d(z’,w) = |{y, 2)w]. Then, by the thinness condition, we bound
d(z',y") < thin(A(z,y,w)) and d(y”,2") < thin(A(y, z,w)) and show

1 1
S1pl, 7 w) < 5 |size(A(e, y, w) + insize(A(y, 2, w) + 5

Finally, note that by the definition of minsize, we do not need to pick some additional nodes differently
simply because we are in the discrete graph setting when it comes to the minsize. Therefore, Edy,,(G) <
2E7]77Linsize(G) S 2]Ebinsize(G) still holds.

10
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Remark 3.8. The reader might wonder if we define ¢ (and other constants) differently, how do our
equivalences change? For example, we could define ((z,y, z) as the infimum (i.e., the best case) among all
slimnesses over possible A(z,y, z). In this case, unfortunately, the desired equivalence inequalities do not hold.
For example, if we consider the 4-cycle Cy, then we can always pick the geodesic triangle so that its slimness
is always zero. The graph, however, is not a tree (far from it) and it defies intuition that its hyperbolicity is
Zero.

4 Non-equivalences

In this section, we detail the examples that demonstrate the non-equivalences of our definitions; that is,
definition A does not imply defiition B up to multiplication by a (small) constant. . These results are
suprising given the equivalences amongst all of the usual definitions of hyperbolicity. As there are a number
of cases to examine, we break them up into subsections. In each subsection, we provide families of examples
that illustrate the non-equivalences.

4.1 Average hyperbolicity does not imply average slimness

We answer, in the negative, whether hyperbolicity on average implies that triangles are slim/thin on average.
We witness a family of graphs in which the answer to this question is no, average hyperboliticy does not
necessarily imply thin or slim triangles on average.

d(ai,a;) =2[vn] +1
a; } f f —0 aj
T bijk

@ O

Figure 4: This figure shows the construction of the family of graphs G,, in which average hyperbolicity does
not necessarily imply thin or slim triangles on average.

We construct a family of graphs {G,,} for n > 3 as follows. Denote m :=2|y/n| + 1.
e V(G,) ={al1<i<n}U{bjjrll <i<j<mnandl<k<m}
e For any 1 <17 < j < n, connect a; — bijl —b,‘jg — e — bijm —aj.

Note that |V(G,,)| = O(n*®). We see that this graph family essentially has a gap between the average
hyperbolicity and the average slimness.

Theorem 4.1. The family of graphs G, satisfies

1. Edpyp(Gp) — 0.

11



2. ECslim(Gn)7Enminsize(Gn) — OQ.

Proof. First, we show that Edpny,(Gr) — 0. We randomly choose four points z,y, z,w and consider the

following generic configuration:
1. None of the four points are the vertices a; for some i. This occurs with probability 1 — O(n=19).

2. The point  lies between [ay(q), Gq(z)] for some p(z), ¢(z) € [n], and say h, 1= d(x, apy)) < d(T, ag(z))
(therefore, p(z) < g(x) may not be true). Then with probability 1 — O(n~1), all of the 8 points p(-), q(-)
for each of z,y, z, w are distinct.

Overall, the generic configuration occurs with probability 1 — O(n~1). In this case, the geodesic between two
points is always unique and should pass a,. Therefore,

d(m, y) = d(xv ap(:r)) + d(ap(ac)v ap(y)) + d(ap(y)7 y) =m+ h; + h’Z/’
and the similar formula holds for all other pairwise distances. Hence,
d(z,y) + d(z,w) = d(z,w) + d(y, z) = d(z, 2) + d(y, w) = 2m + hg + hy + hz + hu,

so that d7p(z,y, z,w) = 0.
On the other hand, if the point configuration is not generic, then we bound d,(zx,y, z,w) by %diam(Gn),
which is 4|y/n] +1 = 2m — 1. This implies that

Ednyp(G) < O(2) - (2m = 1) = O(X - Vi) = o(1).

Figure 5: This figure shows the generic configuration for the four point condition in the construction of the
family G,

For the next proposition, it is enough to check that Elsim (Gr) — co. When we randomly sample three
points x,y, z in this setting, the generic configuration is as follows:

1. None of the three points are the vertices a; for some i. This occurs with probability 1 — O(n=1?).

12



2. Again, the point x lies between [a,(y), Gq(z)] for some p(z), q(z) € [n], and say d(z, ap)) < d(x, ag(g))-
Then with probability 1 — O(n~1), all 6 indices p(-), q(-) for each of z,y, z are distinct.

Hence, the generic configuration occurs with probability 1 — O(n~!). However, in this case, the geodesic
triangle A(z,y, 2) is unique and ((z,y, z) = slim(A(z,y,2)) = | y/n] = L. Therefore,
m—1

Esiim(Grn) = (1 = O(1)) - —— Q(v/n).

4.2 Average slimness and average minsize are not necessarily equivalent

In this subsection, we show that the slimness and minsize conditions are not necessarily equivalent in the
average case. We have seen that slimness implies a bound on the minsize (and insize); this example indicates
that the d-slim and é-thin conditions are the most strongest conditions amongst the equivalent hyperbolicity
notions.

Fix a positive integer M. Then we construct a graph family {Hps ,,} for n > 2 as follows:

e V(Hpy ) consists of what we call junction nodes {c1,--- ,¢,}, nodes {a; s} for 1 <i<n,1<s<M-n
and nodes {b; jr} for 1<i<n-—1,1<j<2M and k=1,2.

e For any 1 < ¢ < n — 1, there are two paths between ¢; and c¢; 1 with length 2M: ¢; —b; 11 — bi21 —
—biom1 — i1 (informally call these upward paths) and ¢; — b; 12 —bi22 — -+ — biom2 — Ciy1
(downward paths, respectively). There is an edge between ¢; and a; s for any i, s.

Note that [V (Hs,)| = O(n?).

Theorem 4.2. Given any positive integer M, the graph family Hyry satisfies
1. Estim(Hprn) — M.
2. Enminsize(Harn) — 0.

Proof. Our approach is to observe which configuration is generic and to argue that it occurs with high
probability. Let us randomly sample z,y, z in V(Hjs ) and consider the following generic configuration.

1. All points x,y, z are in the “cluster” {a; s}, so that each is adjacent to ¢;(y), Ci(y), Ci(»), respectively.
2. |i(x) —i(y)], li(y) — i(2)], |i(z) — i(x)| = logy n holds.

Note that first condition holds with probability at least 1 — O(n~!). Conditional on that, we see that the
conditional distribution of i(x)s is uniform in [n]. Therefore, the second condition holds with (conditional)
probability at least 1 — O(logn/n). Thus, the generic configratuion occurs with probability at least 1 —
O(logn/n).

Now, consider a geodesic triangle A(z,y,z) in the generic configuration. Without loss of generality
assume i(x) < i(y) < i(z). Then we see that regardless of the choice of geodesic, [z,y], [y, 2] and [z, z]
always passes c;(,). In fact, ¢;,) actually becomes the Steiner node among these points. Therefore,
Nminsize(T, Y, z) = minsize(A(x,y,2)) = 0 if z,y, z are generic. On the other hand, it is easy to verify
that every geodesic triangle in Hjy ,, has minsize at most 2M. Therefore,

Enminsize(HM,n) < O(lm%) -2M = 0(].)7
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Figure 6: This figure depicts the graph family Hs, in which average slimnes and average minsize are not
equivalent.

as n — o0o.

Now we evaluate the slimness of the generic triangle A(z,y, z). This depends on the choice of geodesic; let
us consider [z,y] and [z, 2] in A(z,y,2). When each geodesic runs from c;(,) to ¢;(y), if at least one of path
choices between two adjacent junction nodes differs (i.e., one goes upward and the other goes downward),
then the slimness of A(x,y, z) should be at least M, as the midpoint of each segment is distant from the
other segment with distance M. As we have assumed three indices differ by at least log, n, this phenomenon
happens on at least 1 — n~! portion of the geodesic triangles A(z,y, z) so that

Cslim(xvyaz) > (1 - n_l) - M.

Therefore,
ECslim(HM;n) Z (1 - 0(10%)) : (1 - %)M — M’

as n — o0o. On the other hand, we can check that every geodesic triangle in Hj;, has slimness at most M.
Therefore, ECsiim (Harn) — M as desired. O

4.3 Generic geodesic space examples

In this subsection, we consider generic geodesic spaces, rather than families of graphs per se, and find more
extreme examples.

Example 4.3. Consider a Gaussian N (0, %) random variable in R%. Note that Euclidean space is always

non hyperbolic and we cannot bound the hyperbolicity constant § in any sense in this space. However, if
we sample points from a Gaussian distribution in R¢ and compute the Gromov hyperbolicity constant for
these points (embedded in R?, we see that as d — 0o, § rp — 0. This is the distribution of distances between
points d(z,y) converges to v/2. The geodesic triangle in R?, however, is nowhere slim (or thin), so that
Cslinm Tthins minsizes linsize — \/5/2

This example highlights an important phenomenon. The first is that when one is computing hyperbolicity
values numerically on finite data sets, it is important to be careful drawing conclusions. One’s data set
might be samples drawn from a Gaussian distribution in high dimensional Euclidean space and one might be
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tempted to conclude with a small Gromov hyperbolicity value, that the points are from a hyperbolic space
when, in fact, they are not.

Example 4.4. Another extreme example is a space equipped with a distribution concentrated on exactly 3
points uniformly, say a,b,c € X. Then by definition, d7p,(z,y, z, w) = 0 always, as there would be a duplicate
among four points. On the other hand, we see that ECgim is 2/9 - (qim(a, b, ¢), and the similar thing holds on
all other constants. This means that a single geodesic triangle can serve an example on the average case as
well. For example, consider the graph H such that A(z,y, z) has minsize(insize) 1 and slimness n/2. Equip
this graph with a distribution concentrated on x,y, z and we can see that the bound on minsize does not
imply the bound on slimness.

Figure 7: A geodesic triangle which is fat (as its slimness is n/2), but still has its insize 1

5 Random models

In the previous section, we defined the average notions of hyperbolicity and presented several examples that
illustrate the discrepancy amongst the average definitions. This discrepancy does not exist for the usual
definitions of hyperbolicity. In this section, we show that those examples are, in fact, not special and are,
in fact, fairly generic. In particular, we show that on a variety of random graphs the average definitions of
hyperbolicity are not equivalent. The two families of random graphs we examine are random regular graphs
and Erdds-Renyi random graphs.

5.1 Random regular graph RRG(n,d)

In this section, we analyze the average hyperbolicity of the random regular graph model RRG(n,d) with
d > 3. One might think that such graphs are not hyperbolic on average as [3] showed that the random
regular graph is not hyperbolic (according to the usual definitions) and, in fact, the hyperbolicity constant is
at least %log%1 n — w(n) with high probability. This value is large considering that any graph is trivially
%diam(G)—hyperbolic and the diameter of a random regular graph is bounded by %logd71 n 4+ O(loglogn)).
Furthermore, [16] investigated a technique to show these graphs are not hyperbolic using the observation
that hyperbolic graphs must admit traffic congestion (or have a “core”).

We demonstrate that despite these results for the usual definitions of hyperbolicity on random regular
graphs, there is an asymptotic gap between the average hyperbolicity and the average slimness. It is well-
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known that the random graph RRG(n, d) is connected with high probability (i.e., such event happens with
probability — 1), so that we condition on that.

First, we show that the average hyperbolicity is surprisingly bounded by o(w(n)). This is because the
typical distance between two nodes is reasonably concentrated, so that the generic four point condition is not
a large enough multiple of the number of vertices. More precisely, we consider the distribution of shortest
path lengths (DSPL), the distribution of distance between two fixed points. Our result builds on the recent
analysis:

Lemma 5.1. [I5] For fixed x1, 2, consider L,, := d(x1,z2) in G,, € RRG(n,d). Then the variance of L,

Var(L,,), satisfies
2 1 logn

Theorem 5.2. Given G,, € RRG(n,d) for d > 3 and any growth function w(n) — oo,

E(E (65p(Gn))) = o(w(n)),
with high probability.
Proof. First, we observe that because our random graph model is homogeneous, for fixed x1,xs, 3,24 €
V(Gh),
E (E((Sfp(Gn))) =E fp(xla x2,T3, 1’4)
(note that we condition G,, being connected). Let P = d(z1, z2) + d(x3,z4) and Q = d(z1,23) + d(x2, 24).
By the definition of the distribution of the distance between two fixed points (in a random regular graph),

both d(z1,22) and d(x3,x4) are distributed as L,,. Furthermore, even though d(x1,x2) and d(z3, z4) might
not be independent,

E[P] = E[d(z1, z2) + d(z3,24)] = 2E(L,) and Var[P] < 4Var(L,),

and similarly for E[Q] and
Var|Q]. Therefore,

IN

Efp(z1, 22, 23,24) < 3E|P — Q| < § [E[P — 2E(Ly)| + E|Q — 2E(Ly)]]

3 [Var[P)Y/2 + Var[Q]'/?] < 2Var(L,)"/2.

IN

Lemma tells us that the right hand side of the above inequality is bounded above by Equation [I] Thus,
given any w(n) — oo,
< 2 Var(L,)'/?

o (n) — 0.

P(E(57,(G1)) = w(n))
O

We emphasize that we barely used the structure of quadruple of points and the four point condition to
obtain the previous result; the bound on the distance distribution itself already provides a bound on the
average Gromov hyperbolicity!

To prove the next theorem, we build upon the ideas from [I6] and [9]to show that most geodesic triangles
(in a random regular graph) are, in fact, extremely fat!
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Theorem 5.3. There exists a constant Cyq > 0, which only depends on d (for d > 3), such that for
G, € RRG(n,d),

3
E (¢1im(Gn)) » E (minsize(Gn)) > 5 logg_1n — 5 log; 4 log, 11— Cy,

| =

with high probability.

Corollary 5.4. For any € > 0, with high probability, most geodesic triangles in G,, are d-fat with
1 3
§= 5 log,_1n— (5 +¢€)log, 1 log,_ 1 n.

To prove Theorem we use the following sequence of Lemmas. Denote I';(w) := {z € V : d(z,w) = r}
and N, (w) :={z € V: d(z,w) < r} for w € V and any integer r > 0.

Lemma 5.5. If G = (V, FE) is a graph with maximal degree d > 3, then

Te@)] Sd@-177, IN@)] < S5 -1y

forallz € V,r > 0.

Proof. Given x € V, consider a breadth first search tree on G with root vertex z for which |I',(z)| is exactly
the number of nodes with level r. As every node except the root = has at most d — 1 children (and at most d
including z itself), |Ty1(2)] < (d — 1)|T(x)] < d(d —1)" can be shown inductively. The second part of the
Lemma can be shown by the calculation

|Ny(z)| = Z|Fi($)| <1+d1+(d—1)+--+(d—-1)""")
) d=1)7—1 d
i—2  “d—2

—1+d

O

In the next Lemma (from [16], we are interested in the following set of pairs of vertices, which is informally
referred as a traffic (and is also closely related to the betweenness centrality),

T(w) :={(z,y) € V x V : there exists a geodesic [z,y] contains w} for w € V.

Lemma 5.6. [16] Let G = (V, E) be a graph with diameter D. For w € V and ¢ > 0, we have
T(w)< Y [Tuw)l- Ti(w)].
k+<D

Proof. Given (z,y) € T'(w), it is clear that d(z,w) + d(w,y) = d(x,y) < D. The number of (z,y) € T(w)
conditioned on d(z,w) = k and d(y,w) = [ is at most |T'y(w)| - [T';(w)|. Therefore, the desired inequality
holds. O

Lemma 5.7. Suppose G,, € RRG(n,d) with d > 3 has its diameter D. Then

d2
(d—2)?

(d—1)"
holds for all w in V(G,,).
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Proof. By lemma 5.6, we see

T(w)| < Y [Tk(w)|- Ti(w)
k+I<D
S Z d2(d_1)k+l—2
k+I<D
_ >N @-1
(d—1)* 0<t<D k+i=t
d? .
smoéD(DH—tHd—l)
& (d-1)PH1 -1 (@-1P -1 d—2
_(d—1)2( d—2 d—2 "'+d—2>
d? (d=DPH+(d-1)P+.--+1
<<d—n2( d—2 )
?  (d-1)P2 -1 d?

(d—1)P.

Td-12 (@22 Cd-2p

It turns out that the bound provided by [16] is quite loose and can be improved. This improvement will be
used when we compute the second leading term in the bound on the sizes of the average geodesic triangle. [

In the next Lemmas, we use the known bound on the diameter for a random regular graph.

Lemma 5.8. [4] There exists a constant Cy, only depends on d > 3, such that diam(G,) < log; ;n +
log,;_qlog,;_; n + Cq with high probability.

The next Lemma is an improvement upon that in [9].

Lemma 5.9. Let G = (U, V, E) be a bipartite graph. The edges of G are colored in such a way that so that
given a node x € U UV, the number of colors incident to x is at most t(x). (u is incident to a color ¢ if u is
incident to an edge with color ¢). Then there exists a color that is used by at least

|E?
(Cuev t(“)) (ZUGV t(v))

edges in F.

Note that the above lemma immediately implies Lemma 3.2 in [9] (by letting |U| = |V| =n and t(z) <t
for all nodes x). The reason we developed a new lemma is as follows. Instead of the universal bound on ¢
(which is related to the behavior of the diameter of random graphs), we are able to use the average bound on
t, which may be used to improve the bound later.

Proof. We provide the details of the proof in the Appendix. O
Now we are ready to prove the main theorem.
Proof. First, we will prove the statement on the minsize. We begin with the sampling procedure below.

e For every pair (v,w), fir a geodesic segment between v and w (by randomly choosing one). For the rest
of the argument, we use only these segments when we consider a geodesic triangle A(x,y, z). These
choices constitute a path system.
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e Randomly choose a pivot point z € V(G,,). Then evaluate minsize(A(z,y, z)) for any z,y € V(G,).

It is easy to see that
E Z minsize(A(z, Y, 2)) = n*Enminsize(Gn)-
z,yeV
Consider a threshold § > 0 and construct the following bipartite graph H = (XY, F) with X =Y =V(G,,)
and
(x,y) € E < minsize(A(x,y, z)) < 0.

|, where {ps,py,p.} realizes the minsize of geodesic

We color each edge in (z,y) € F with ¢(z,y) = p. € [z,y
) < 4. We see that

triangle. Then by assumption, d(p., [z, 2]), d(py, [y, z]

e In any z € X, the number of colors incident to x is at most |Ns([z, 2])| < (d(z,2) + 1) - N(J), where
N (6) is the universal bound on the size of §-neighborhood. This is because for p, € [z,y], there exists
Ps € [, 2] such that p, € Ns(ps) C Ns([z. 2]).

e Given any color ¢, the number of edges colored with ¢ is at most |T'(c)| where T'(c) = {(z,y) € V x V :
€ [z,y]}, which is bounded by lemma.

By Lemma we have
% B B
d—1)P >|T(¢)| > max|E,| > > .
@ a0 2 IOl = maxl Bl = e AN NG Sy d(e. )

We have N(6) < 74-(d—1)° and Y,y d(z, 2) < ndiam(G,). This shows that given p := |E|/n?,

p< % [(ddQ)Q(diam(Gn) +1)(d—1)* dlam(c)] .

We note that p is the probability that our random geodesic triangle has the slimness at most ¢. Therefore, if
we take expectation, we have

dmm(cn) ]

P(minsize(A(z,y,2)) <t) < diam(G,,) + 1)(d — 1)**

1] &2

n [(d— 2)2(
2 diam(Gp,

]P’(minsize(A(x,y,z))>t)211{(df2)2(diam(Gn)+1)(d 1)t )}

n
Since diam(G,,) < log,_; n + log,_; log,_; n + Cy with high probability, this suggests that w.h.p.,

. 1 [d*(d—1)%/?
P(minsize(A(z,y, z)) > t) > 1—5 [((d_;)z(logdl n+logy_jlogg 1n+ (Cqg+1))-y/n-logg_n-(d— 1)t} .
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d2(d 1)Cd/2

Denote C; :=Cy+1 and Cy := @27 Tog(d=T) Given S > 0 (which will be chosen later), we have

o S
Elminsize(Gn) = / P(minsize(A(x,y, z)) > t)dt > / P(minsize(A(x,y, z)) > t)dt
0 0

S
1
=5- /0 - [log(d —1)Cs(logy_yn+logy ;logg_1n+ C1)-y/n-logg_1n-(d— l)t]

(logg_q n+logy 4 logy_ n+ C1)(logy_q n)'/? /S
0
)L/2

=5 —log(d —1)Cy Y

= 5 —log(d — 1)Cs

(logg_yn +log, 1log,_4n+ C1)(log, 4 n) (d -
nl/2 log

(logg_yn+logy 4 logy yn+ Ci)(logy , n)'/?

> 85— 0y 172

(d—1)5.

Plugging in S = $log,_yn — 3log,_logy_;n—logy_(logy_y n+logy_1log, n+ Cy) yields
ECminsize(Gn) >S5 — CQ;

as desired. The theorem can be shown by observing that |S — $logy_;n+ 2log, ;logy i n| = o(1).
For the slimness case, we need to choose a different value for ¢, given a slzm triangle A(z,y, z). In this
case, we choose ¢ € [z, y| based on the following simple proposition.

Lemma 5.10. If slim(A(z,y, 2)) = d, then there exists a vertex ¢ € [x,y] such that d(c, [z, 2]), d(c, [y, 2]) <
o+ 1.

Proof. Pick c € [z,y] with d(c, [z, z]) > J, which is the closest from z. If such ¢ does not exist, then the case
is obvious. By the slimness, d(c, [y, 2]) < ¢ holds. Also, for ¢’ the adjacent vertex of ¢ in [z,y] toward =z,
d(e, [z, 2]) < d(d,[z,2]) +1 < 6 + 1 holds. O

Once we have done that, we can repeat the exactly same argument up to an additional constant 1. [

Remark 5.11. We improved lemmas used in [I6] in order to achieve the second leading term —% log,;_; log,;_, m.
If we had directly used the original lemmas, we would obtain the bound —% log,;_;log,_; n instead.

Intuitively, this suggests the following. It is easy to check that the slimness of any geodesic triangle
is bounded by 3 diam(G), which is about 3log; ;n + 3logy ;log;_;n. On the other hand, we have
seen that most geodesic triangles in a random regular graph are fat so that the slimness is at least
about %log¢171 n — %logd% log,;_, n. Therefore the average behavior is somewhere between [% log,_1n —

3logy_logg_yn, 3logy  n+ 3log, 1 log, 1 n].

5.2 Erdds-Reényi graph ER(n, \/n) with A > 1

Finally, in this subsection, we consider the Erdgs-Rényi random graph model ER(n,p). In order to ensure
that the graphs we study have a large connected component, we consider the supercritical case in which the
probability of an edge between any two of the n vertices is p = A/n for some A > 1. Following convention, we
consider the giant component of these graphs, which has size roughly v(\) - n. [IT] showed that this sparse
random graph is not hyperbolic by constructing a single geodesic triangle Wthh is forced to be fat. (In fact,
their result suggests that such triangle is Q(log n)-fat, which is not explicitly stated in the original paper.)
We want something more in this average case!
Our main result is as follows.
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Theorem 5.12. Given G,, € ER(n,A/n) with X\ > 4.67, there exists f(\) > 0 such that with high probability,
E (Cstim(Cmax))  E (Nminsize(Gmax)) = f(A) - logn,

where Emax denotes the giant component of Gy,.
Corollary 5.13. With high probability, a geodesic triangle in (the giant component €p,ax of) G, € ER(n, \/n)
is Q(log n)-fat.

The corollary answers the question raised in [IT] and shows that the Q(log n)-fat triangle in the Erd6s-Rényi
graph is typical.

Proof. The proof procedure is as follows. We use a similar method to that for the random regular graph case.
While those calculations were detailed, here, we omit the details and argue simply that the leading term is
O(logn).

1. First, given a point x, we want to bound the number of geodesics which contains the point x. Following
the arguments for Lemmas and what we need to do is to bound the size of neighborhood
[T (x)| and |N,-(z)| given r > 0. However, as the degree is not bounded, so that the upper bound is not
immediate. it is not clear. Hence we adapted the lemma stated from [7].

2. We also need to bound the diameter of our giant component. We use explicite results from [I3]. The
condition A > 4.67 is required so that the diameter diam(%),q.) is not bigger than 2logn/log A + O(1).

Lemma 5.14 (Bounds on the size of neighborhood). Given G,, € ER(n,A/n) with A > 1,
T (z)] < (r+1)2\" -logn
holds for all z € V(G,,) and 0 < r < n, with high probability.
Proof. We provide the details of the proof in the Appendix for completeness. O

Lemma 5.15 (Bounds on the diameter, [13]). Given A > 1, let A\, < 1 satisfy A\.e ™ = Xe ™ (i.e., the
conjugate). Then there exists a constant C) that depends only on A, such that for G,, € ER(n, A\/n) and its

giant component €,q4,
1

+ 2 1 +C
log)\ log(l/)\ ) oen A
holds.

diam(Gmaz) < (

with high probability. Note that for A > 4.67, W < IOgA

We are now ready to prove Theorem m Given A > 4.67, pick 0 < e < 1 — %. With high

probability, diam(Gpnaz) < (2 —€) }ggz + Cx(=: D,) so that by Lemmas and
T(w)| < > Tw(w)]-[Ti(w)|
k+1<Dx
< Y (k1214122 (logn)?

k+1<Dy

(logn)® > Y (k+1)°(1+1)°\*

t<Dy k+l=t

IN

_ (logn)?

= SO E=1)(t+ 1)t +2)(E+3)(E+5)N

t<Dy

< (logn)?( DA+5 Z \ < (logn)?(Dy + 5)° AP+l
A—1 ’

t<Ds
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holds for all w € Gpaz. We see that, after substituting in the expression for D;ambda and simplifying, the
right hand side becomes O(n?~¢log” n). In other words, there exists Ay > 0 such that

T(w)| < Ay -n* “log’ n,

for n sufficiently large.
Next, we use our previous proof technique again. This gives us that for p := P(minsize(A(z,y, 2z)) < t),
for a giant component %4, With size yn, there exists a color ¢ which is used at least

(p(yn)?)
N@2(n +2pee,., Az 2)

max

times.
We simply use d(x, z) < diam(Gmaz) < 2}222 —land N(t) < 3, max |T(2)] < 3, (r+1)*A"logn <
(t +1)3\tlogn, so that

< 2V A>\ n—€/2
~ vylog A

_ VAN o
vlog A

p = P(minsize(A(xz,y, 2)) < t) (log®® n) - (t +1)3\,

1 — p = P(minsize(A(z,y,2)) >t) > 1 (log®®n) - (t +1)3\%.

. S t 31 53y _ 27 2 _ t=5n, ne/
Now pick S,, > 0 such that fo (t+ 1)3\tdt = ({A ((t+1)" log® A 3(thC1);4lfg A+6(t+1) log A 6)L:O :> bgf’i‘:n'

It turns out that

2/ Ay
vlog X’

o Sn
Elminsize(Cmaz) = / P(minsize(A(z,y, z)) > t)dt > / P(minsize(A(z,y, z)) > t)dt > S, —
0 0

It is easy to check that S, ~ (€/2) - }ggz Also, with high probability, v converges to the final probability
~v(A), which only depends on A. Therefore, the right hand side of the inequality is bounded by (logn) with
high probability, thus completing the proof.

The slimness case can be shown analogously. O

As we have seen in random regular graph case, we again expect a gap between the (four point) hyperbolicity
and the slimness of the geodesic triangles. Although, we do not have a proof explicitly bounding the four
point condition, we instead include a simple proof that the gap ezists.

Theorem 5.16. Given G,, € ER(n,\/n) with A > 1 and its giant component Cnax, we have
E (5fp((gmaz>) = O(lOg n)
with high probability.

Proof. Fix Sy > Let B be the event such that

1 2
Togx T Tog(i/x.)"
1. The giant component ,,q. has size 0.99v(A) - n < |Gmaz| < 1.019(N) - n.

2. The diameter diam (% q.) < Sy - logn.
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We see that P(B) — 1 as n — co. Let Bjasg be the event that B occurs and x7, z2, 23, 24 all belong to the
giant component .y (for fixed vertices x1, xa, 23, 24). As the graph model is homogeneous, P(Bj234) <
4
L0 p(B) = (1.019(\))B(B).
The expectation of average hyperbolicity conditioned on B is

1
E(Edfp(Cmax) | B) = E G Z fp(x,y,2,w) | B

<
"E)y)z7w€ gmax

1
< WE Z fp(x,y,z,w) ‘ B

Z,Y,2,WE Cmax
- 1 it E (1( € Gmax) A p( )| B)
— (0997(>\)n)4 (71 — 4)' T1,T2,T3,T4 max pP(x1,22,x3,T4
1 I[D(Bl234)
< £ B
= (0.99v(\)*  P(B) (fp(w1, 22, 23, 24) | B1234)
(1 Ol)
< f B
= (0.99) (p(3717552a1737334> | 1234)

Now we use the result from [I7]. It states that for fixed x1, zo, (101’ z2) converges t0 )\ in probability, while

conditioned on x; and x5 belonging to the giant component %,,4,. In other words, glven any n > 0,
P(|d(z1, z2) — logy n| > nlog\n | x1, 22 € Cnas) — 0.

Fix 7 > 0. Let E be the event (conditional on Bja34) such that there exists a pairwise distance among
x1, T2, 23, x4 outside of [(1 — n)logy n, (1 + n)logyn]. If E does not occur, then the four point condition
fp(x1, @, x3,x4) is bounded by nlog, n. If E does occur, then we use fp(z1, x2, x3,24) < %diam(‘fmam) <
%S \ logn so that with high probability,

Efp(z1, 22, x3, x4 | Bi2sa) = E (fp(z1, 22, x3,24) | E)P(E | B12sa) + E (fp(z1, 22, 3, 24) | E) P(E° | B1234)

S
< A10gﬂ “P(E | Bi23a) + (nlogyn) - (1 = P(E | Bi234))

(77 + (52 - 77) P(E | 31234)) -logy n.

As P(E | Biags) — 0 as n — oo, Efp(xy, xa, 23,24 | Bi23s) < 1.01nlog, n for n sufficiently large.
Hence, for any fixed n > 0 and M > 0, E (Edfp(Gmaz) | B) < E(I) 89;4 517 logy n < % logy n holds for n
sufficiently large. Hence,

E(E(Sfp(%maa:) ‘ B) < i
nlogyn

P(Edfp(Cmaz) > nlogyn | B) < for n sufficiently large.

We conclude that Edsp,(€max) = o(logn) with high probability (using the fact that B occurs with high
probability). O
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6 Discussion

Our analysis establishes important distinctions between the usual and the average case definitions of
hyperbolicity. We show that in contrast to the usual definitions, the average definitions are not all equivalent
up to a constant factor. Furthermore, the examples that exhibit these differences are themselves interesting
cases of random discrete structures and distributions of points in high dimensional Euclidean space that
might masquerade as points from a hyperbolic space if one is not astute in one’s measurements! There are a
number of open questions that arise as a result of our analysis.

6.1 Improving the gap between AvgHyp and AvgSlim (or AvgMinsize)

For the Erdds-Renyi random graph ER(n, A/n) case, we establish that the average hyperbolicity (AvgHyp) is
bounded by o(logn), using the distribution of the shortest path lengths (DSPL). Importantly, this result does
not rely on any specific structural information about the quadruples of vertices, leaving room to address the
gaps amongst the average case definitions. Similarly, in the case of random regular graphs, one can compute
the variance of DSPL, which provides a bound on the average hyperbolicity, without using specific structural
information about quadruples of points.

We did, however, assume A > 4.67 to ensure that the graph’s diameter remains manageable. What
happens if A > 1 but is much smaller, perhaps approaching 1?7 In such scenarios, can we still expect the
graph and its geodesic triangles to be Q(logn)-fat? Or does it become truly tree-like instead? These are
questions that are valid, interesting future or follow-up work after our initial results.

6.2 ‘“tree-likeness” of AvgSlim (or AvgMinsize)

We have seen that the average hyperbolicity can be used as a measure of how tree-like the space is [6l [I8]. We
have demonstrated that, actually, the average hyperbolicity is the weakest one amongst the average measures!
In fact, the upper bound provided by [6] and [18] are both quite loose: the quantitative bound on results
of [6] is hard to track since they use the weighted Szemerédi regularity lemma, which is known to have a
gigantic bound. Also, it turns out that the O(n?) bound given by [I8] is enormous in practice. This might
not be a coincidence, as we may have assumed too weak an average hyperbolicity bound. For example, given
a space or a graph where the average slimness is bounded, is there a good tree that fits the given distance
with smaller average distortion?

6.3 Expander graphs

This is an important open question. There are negative results for the usual definitions of hyperbolicity |2} [10]
but we do not know about the average definition. It’s possible (given the results in [9]) that there are some
families of expanders that are hyperbolic on average and possibly some that are not.
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7 Appendix
7.1 Proof of Lemma [5.9

We will first show the following lemma:

Lemma 7.1. Given a bipartite graph G = (U, V, E),

1
VIEIS Y .
(u,0)EE,uEUWEV deg(u) : deg(v)

Proof.

(u,v) GEXU:GUvGV v deg deg 1;] \ deg UG%:'U,) \ deg

1
By M, = deg(v) < |E
ZJW< Nl Mu/IN(u)I> | %;) 2w) <15

= V|E|.

_ Z 1 deg )3/2 Z deg(u
\% deg( uclU u uclU

uclU
O
Now we will proceed the main proof of the Lemma. Let C denote the collection of colors and c¢(z,y)

denote the color of (z,y) € E. Let E. := {(z,y) € E : c(z,y) = ¢}, Ne(z) :={y : (z,y) € E.}, and
deg,.(z) := |Ne(x)] for c € C and x € U U V. Then by Cauchy-Schwarz inequality,

2

1 1 1
< > T DI oy
(uw)EE,ucU,veV Vdeg,(u) - deg,(v) (uw)EE,ucUveV deg,(u) (u,0)EEueUveV deg,(v)
c=c(u,v) c=c(u,v) c=c(u,v)
We see that

=2 > 2 —2 2 1=t

u€U ce€C wveEN.(u) deg uEU ceC
Ne(u)#0 N (u)#0

=2 2

u€U veN (u),c=c(u,v)

D

(u,v)EE,ueU,weV
c=c(u,v)

deg,.(u degc

and similarly,

1
O S
(u,v)eEE,uel,veV
c=c(u,v)

holds. On the other hand,

1
Z \/degc(u) - deg,(v) a Z Z \/degc(w ~deg,(v) = Z |Ecl,

(u,v)EEueU,veV ceC (u,w)EE.,ucUweV ceC
c=c(u,v)
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by the previous lemma. This shows

< t(u) ) - t(v) ],
B E (S ) (30)

so that there exists (u,v) € E with 1E < V(Z e tw)(Soev )

< BT holds. Thus,

| Eel

|E?
(ZuEU t(u)) (ZuEV t(v)) ’

|Ee| >
as desired.

7.2 Proof of Lemma [5.14]

For fixed z, denote a; := |['4(x)| and by := | (t + 1)?A'logn|. We will show the following:

Claim: Given 0 <t <n, as < bs holds for all 0 < s < ¢ with probability at least 1 — t/n”‘.

Proof: We induct on ¢t. For t =0, 1 = ag < by = [logn], which is always true (if n > 3). Now, suppose the
assertion holds on ¢ = r. The following Chernoff type bound is well-known.

Lemma 7.2. Given a binomial distribution X ~ Bin(n,p), we have

2
a
P(X >np+a) <ex _ vt > 0.
ozt som (<o) v
We use the fact that conditional on ag,aq,- - ,a,, the distribution of a,41 is dominated by the distribution

of the number of boundary edges |0T'.(x)|, which is binomial with parameters (n — |N,.(z)|) - a, < na, and
p = A/n. Suppose ag < by, ,a, <b.. Then

2

P(a,41 > bryilag, -+ ,ar) = Plarsr > (r+2) pan logn|ag, -+ ,a)

<P (Bin (nar,
<P (Bln (

L ((r+ 220 logn— Ab,)°

9 ()\bT T (r+2)2>\r+; lognf)\b,.)

> (r+2)2\7 ! logn)

3\>/ 3| >

) > (r+2)2\""log n) (ar <b)

<exp |—

((r+2)2X"* 1 logn — (r +1)2X" ! log n)2

.. 2yr+1
9 (2(T+1)2)\7‘+1 log n+(r+2)2A7+1 logn) ( . )\br < (7" + 1) A 10g n)
3

< exp

3(4r? +12r +9 1
. Wil < exp (_2/\7’4—1 1ogn) < W

2(3r2 4 8r 4 6)

=exp |[-\"Ttlogn

By the induction hypothesis, we see that ag < by, - ,a, < b, holds with probability at least 1 — r/n?** and
conditional on that, the probability of a, 1 > b1 is bounded by 1/n2k. Therefore, ag < by, ,ar41 < brg1
holds with probability at least 1 — (r + 1)/n?* which concludes the proof. O
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Now, let B(x) be the bad event that |Ty(x)| > (¢ + 1)2A*logn for some ¢. By the claim, P(B(z)) < n!=2*.

Therefore, for B := U, B(z),
P(B) <> P(B(z)) < n’** =o(1),

x

as desired.
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